Excitonic absorption of semiconducting carbon nanotubes for polarization perpendicular to the tube axis is theoretically studied in an effective-mass approximation including higher order terms describing trigonal warping, curvature, lattice distortion, and electron-hole asymmetry. Asymmetry between electrons and holes causes brightening of dark excitons leading to additional low-energy peaks in optical absorption spectra. In comparison with parallel polarization chiral-angle dependence of excitation energy is weak because of cancellation of higher-order corrections between relevant valence and conduction bands.
I. INTRODUCTION
Atomic structure of a carbon nanotube is uniquely specified by a chiral vector which defines circumference of the nanotube on its development map. Excitation energies of various nanotubes approximately show linear dependence on the inverse of the circumference. Additional dependence on the direction of the chiral vector exhibits the so-called family pattern. It plays important roles in assignment of nanotube structure 1 and has been intensively studied mainly in optical properties for parallel polarization. [1] [2] [3] [4] [5] [6] [7] In this paper, we theoretically study cross-polarized-light absorption of carbon nanotubes in an effective-mass approximation including higher-order corrections which can describe the family pattern.
In optical properties of semiconducting carbon nanotubes, exciton effects are prominent because of one dimension. This was first theoretically predicted for parallel polarization, 8, 9 in which electric field is parallel to the axis, and later confirmed experimentally 1,10-15 and theoretically. [14] [15] [16] [17] [18] [19] [20] [21] [22] For parallel polarization, binding energy of excitons is comparable to the band gap and large amount of absorption intensity is focused on them.
For cross polarization in which the field is perpendicular to the axis, the absorption is strongly affected by depolarization effect, 23, 24 but the strong exciton effect causes appearance of sharp peaks although their intensity is reduced. 18, 19, 21, 25, 26 These peaks were actually observed in experiments [27] [28] [29] together with a family pattern weaker than for parallel polarization.
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Various electronic properties of nanotubes have been theoretically clarified within an effective-mass approximation. 7, 22, [30] [31] [32] [33] [34] In this scheme, higher-order corrections describe trigonal warping of energy bands, 7, 30, 35 curvature, 32, 36 lattice distortion, 32, [37] [38] [39] [40] and electronhole asymmetry. 7, 41 A recent study on optical properties for parallel polarization revealed that these corrections can well reproduce experimental family patterns. 7 Higher order terms play different roles for perpendicular polarization. Within the lowest order effective-mass scheme, the conduction and valence bands are symmetric with each other and cross-polarized excitons are degenerate between the K and K ′ points at the corner of the Brillouin zone. Only the symmetric combination of these excitons becomes optically active (bright exciton) although being strongly affected by depolarization effects and the antisymmetric combination remains optically inactive (dark exciton). 25 When the degeneracy is lifted, the dark exciton becomes optically active, as has been demonstrated by Aharonov-Bohm magnetic flux passing through the tube cross-section. 42 The degeneracy is actually lifted by electron-hole asymmetry present in the band structure and therefore such effects were already included in various calculations based on first-principles and a tight-binding model. 18, 19, 21, 26 Quite recently, experimental observation of brightened dark excitons in the perpendicular polarization was reported 43 and some attempts of analyzing the experiments based on an effective-mass scheme were made, 41, 43 although being unsatisfactory as will be discussed below.
The purpose of this paper is to systematically study effects of various higher order terms on cross-polarized excitons in semiconducting carbon nanotubes in the effective-mass approximation. The paper is organized as follows: The model and method are described in Sec. II. Numerical results are presented in Sec. III and discussed in Sec. IV. Summary and conclusion are given in Sec. V.
II. MODEL AND METHOD

A. Effective-mass approximation
In a two-dimensional graphite sheet called graphene shown in Fig. 1 (a) , the conduction and valence bands consisting of π states cross at K and K ′ points shown in Fig. 1 (b) and electrons around these valleys are de- 
where H is a 2 × 2 Hamiltonian matrix corresponding to A and B sublattices, F(r) is a two-component envelope function, r = (x, y), the x and y coordinates are chosen in the circumference and the axis directions, respectively, as shown in Fig. 1 (c) , and ε is eigen energy. For the K point, the Hamiltonian matrix with energy origin at the Fermi energy is given by 7, 30, 35, 44, 45 
with
where γ is a band parameter, ⃗ σ = (σ x , σ y ) is the Pauli spin matrices,k = (k x ,k y ) ≡ −i ⃗ ∇ is a wave vector operator, a = 2.46Å is the lattice constant, η is a chiral angle between the horizontal axis and the chiral vector L in Fig. 1(a) , which defines circumference of the nanotube, and β and S are dimensionless parameters characterizing trigonal warping of energy bands and electron-hole asymmetry, respectively. In a nearest-neighbor tight-binding model, β = 1.
30,35
Electronic states for a nanotube with a sufficiently large diameter are obtained by imposing a boundary condition in the circumference direction. For the K point it becomes 30, 44 
with ν being an integer determined uniquely as ν = 0 or ±1 through n a + n b = 3M + ν with integer M , where n a and n b are integers defined by L = n a a + n b b and a and b are the primitive translation vectors shown in Fig.  1 (a), and φ K being an effective magnetic flux threading the tube cross section which describes effects of curvature and lattice distortion. The effective magnetic flux is given by 32, [36] [37] [38] [39] [40] 
where L = |L| and p is a dimensionless parameter satis-
Then, an eigen function of Eq. (1) with Eq. (4) is given by a plain wave which is written as
where
with A being the tube length, n being an integer corresponding to a band index, k being a wave vector in the axis direction, and α being a set of quantum numbers, α = (±, n, k) where + and − correspond to conduction and valence bands, respectively. 7 The vector F K α is given by
and the corresponding eigen energy is given by
It can be seen from Eq. (7) that effects of curvature and lattice distortion appear as a shift of the wave vector in the circumference direction. For the K ′ point, the Hamiltonian matrix is given by the complex conjugate of H K after replacing β with −β, (9) and Eq. (10), respectively, with Cross-polarized-light absorption causes momentum transfer 2πhl/L in the circumference direction where l is equal to band-index change ∆n = ±1 between valence and conduction bands. 23, 24 The corresponding interband transition is that from valence-band n to conductionband n + l at a wave vector k both for the K and K ′ valleys. Because the K and K ′ points are converted into each other by time reversal operation, 46,47 states of two valleys are degenerate in the absence of magnetic field. Thus, the excitation energy is the same as that for the transition from −n to −n − l at −k at the other valley corresponding to momentum transfer −2πhl/L. In the presence of the electron-hole symmetry, the energy is equivalent to that for the transition from −n − l to −n at −k with the momentum transfer 2πhl/L. Therefore, excitation energies for S = 0 are degenerate between the K and K ′ points for each l. The band parameter γ is related to resonance integral −γ 0 for π orbital between the nearest-neighbor sites in a tight-binding model through γ = √ 3γ 0 a/2. Previous studies revealed that γ 0 ≈ 2.7 eV (γ ≈ 5.8 eVÅ) can well reproduce experiments.
9,48 For parameters of the higher-order corrections, it was shown that values around β = 1.5 and p = −0.2 or β = 1.0 and p = −0.5 reproduce experimental family patterns for parallel polarization reasonably well. 7 Thus results for β = 1.5 and p = −0.2 will be shown in Sec. III when they are considered. In a tight-binding model, the parameter of the electron-hole asymmetry S arises due to effects of overlapping integral, next-nearest-neighbor interaction, etc.
7
For graphite, for example, S ∼ 0.13 has usually been assumed.
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The structure of a nanotube is uniquely specified by chiral vector L = n a a + n b b, i.e., by a pair of integers (n a , n b ). Since other indices (n 1 , n 2 ) are conventionally used instead of (n a , n b ) where (n 1 , n 2 ) = (n a − n b , n b ), we also use (n 1 , n 2 ). A family index is defined by f = 2n a − n b = 2n 1 + n 2 . For tubes with the same family index, projection of L onto a is the same, meaning that the circumference lengths are similar.
B. Higher-order effects
For a tube with ν = +1, the relevant transition for perpendicular polarization with ∆n = 1 is from the valence band with n = 0 (n = −1) to the conduction band with n = 1 (n = 0) at the K (K ′ ) point. The transition with ∆n = −1 arises between the valence band with n = 1 (n = 0) and the conduction band with n = 0 (n = −1) at the K (K ′ ) point. For a tube with ν = −1, relevant transitions are obtained by exchanging the band indices between the K and K ′ points in the above. 
FIG. 2: (Color online) Schematic illustration of trigonal warping and cutting lines corresponding to two conduction and valence bands close to the K and K ′ points. A shift due to curvature and associated lattice distortion is denoted by effective flux φK and edges are located at intersection points between the arrows with L and the cutting lines. Let us first consider a nanotube with ν = +1. The trigonal warping tends to decrease the first gap n = 0 corresponding to the top of the valence band and the bottom of the conduction band and increase the second gap n = ±1 both for the K and K ′ points. The curvature and lattice distortion, described by φ K and φ K ′ , tend to enhance this tendency. For a nanotube with ν = −1, on the other hand, the trigonal warping tends to increase the first gap n = 0 and decrease the second gap n = ±1, and the curvature and lattice distortion again tend to enhance this tendency. As a result, we have a strong family behavior opposite between the first and second gaps for the parallel polarization characterized by ∆n = 0.
For cross-polarization characterized by ∆n = ±1, these effects tend to cancel each other between the first and second bands, making the family effect much weaker.
Because the trigonal warping is stronger for n = ±1 than for n = 0 due to larger distance from the K and K ′ points, its effects on excitation energy for perpendicular polarization are dominated by the bands with n = ±1. Effects of nonzero φ K and φ K ′ almost cancel each other between n = ±1 and n = 0. Therefore, the excitation energies for the cross-polarization exhibit very weak family behavior governed by that of the second gap n = ±1. On the other hand, the reduced effective-mass, playing important roles in the exciton binding, is dominated by the first band n = 0 with a smaller effective mass and therefore the family behavior of the oscillator strength is determined by that of the first gap, exhibiting the behavior similar to that of n = 0 for parallel polarization.
The asymmetry of electrons and holes causes energy shift proportional to square of the length of a wave vector as shown in Eq. (10) . 
Figures 4 (a) and (b) show typical examples of calculated energy bands near the K point for ν = +1 and −1, respectively. Solid lines denote bands in the presence of higher-order terms with β = 1.5, p = −0.2, and S = 0.2 and dashed lines those without higher order terms, i.e., β = p = S = 0. Higher order terms cause the behavior due to the effects discussed above. It is noted that the electron-hole asymmetry is independent of the chiral angle and therefore family behavior mainly comes from trigonal warping, curvature, and lattice distortion.
C. Exciton
In calculations of interaction effects on the band structure, a screened Hartree-Fock approximation is used and attractive interaction between a photo-excited electron and a remaining hole is introduced by using the Coulomb interaction screened by a static dielectric function. 8, 9, 50 This scheme was shown to be sufficient by comparison with results of calculations in a higher GW-type approximation.
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An exciton wavefunction at each valley with momentum 2πhl/L in the circumference direction is written as
where c † α,k and c α,k are the creation and annihilation operators for electrons, respectively, and |g⟩ is the ground state. The coefficients ψ l n (k) and energy eigenvalues for the corresponding states are obtained by solving an equation of motion for an electron and hole under attractive interaction.
8,9,50 Weak short-range parts of the Coulomb interaction causing coupling between the K and K ′ points 17, 21, 50, 53 are completely neglected because they are about a few meV [54] [55] [56] [57] [58] [59] [60] [61] [62] and much smaller than intervalley interaction for the depolarization effects of the order of a few hundreds meV.
21,25-29
A dielectric constant κ is introduced in order to describe effects of screening by electrons in σ bands, core states, and the π bands away from the K and K ′ points. Then, the interaction strength is characterized by a dimensionless parameter (e 2 /κL)(2πγ/L) −1 , which is the ratio between a typical Coulomb interaction and a typical kinetic energy. Previous analysis of excitation energies has shown that 0.1
9,48
Therefore, (e 2 /κL)(2πγ/L) −1 = 0.15 is used in the following.
D. Dynamical conductivity
The dynamical conductivity characterizing optical absorption is calculated by using the Kubo formula. 63 The velocity operator in the circumference direction is given by
Then, for the K point, we have
For the
The x component of the velocity operator for wave vector 2πl/L in the circumference direction is given bŷ ground state and the exciton state is
where (v x,l ) n,k is a matrix element ofv x,l between oneparticle state with κ ν,n+l and k at the conduction band and that with κ ν,n and k at the valence band. For the K point it is given by
For the K ′ point, it is given by the replacement of
For cross-polarized light with momentum 2πhl/L in the circumference direction, the associated dynamical conductivity is given by
where g s = 2 represents the spin degeneracy and a phenomenological energy broadening Γ has been introduced. For cross-polarized light the depolarization effect must be considered, in which electric field associated with induced polarization arises. 23, 24 It is taken into account in a self-consistent-field method where an optically induced current and electric field which electrons feel are determined self-consistently. 23, 24, [64] [65] [66] Then, the absorption power is proportional to the real part ofσ xx (ω), defined byσ 
E. Brightening of dark exciton
Excitation energies without the depolarization effect, ε u 's in Eq. (20) , are degenerate between the K and K ′ points when the electron-hole symmetry exists as described in Sec. II.A. Then, there is no optically allowed exciton in the vicinity of ε u . In the presence of electronhole asymmetry, the lifting of the degeneracy induces an optically allowed exciton with small oscillator strength between these split energy levels. This is similar to the brightening due to the Aharonov-Bohm splitting between the K and K ′ excitons by magnetic field.
42,50
When we consider the energy region close to ε u of the lowest exciton, we approximately have
where g v = 2 is the valley degeneracy, ⟨u, l|v x,l |g⟩ is a velocity matrix element for the lowest exciton without the depolarization effects for S = 0, and ∆ is energy splitting due to S given by Eq. (12) . Correspondingly, we have
The zero points of ε l xx (ω) are obtained up to the second order in ∆/ε u as
The low-frequency solution, ω − , corresponds to the excitation energy of the brightened dark exciton and highfrequency ω + to that of the depolarization-shifted bright exciton. This shows that the energy of the brightened dark exciton becomes slightly smaller than ε u becausē hω p is usually smaller than ε u . The conductivity including the depolarization effect is given bỹ
. (29) This is written near ω = ω − as
which shows that the intensity is reduced by factor 4ε
4 from that of the absorption peak for excitons at ε u without the depolarization effect. Near ω = ω + , on the other hand, we havẽ (31) which shows that the intensity is slightly reduced in the presence of asymmetry splitting ∆.
Actually, this estimation of the intensity and resonance position is not valid for ω + , but is quite accurate for ω − . The reason lies in the presence of excited exciton states and interband continuum. In fact,hω + given by Eq. (28) lies in the energy region of interband continuum and therefore is pushed down to a position lower than but close to the first excited exciton. As a result, the intensity is considerably suppressed corresponding to enhancement side remains essentially independent of S below the first excited exciton state in contrast to Eq. (28) . Further, the energy-derivative of ε l xx at the zero point becomes larger with S due to the lowering of excited exciton states, leading to a slight reduction in the oscillator strength with increasing S, as will be demonstrated in numerical results presented in the next section.
III. NUMERICAL RESULTS
First, effects of parameter S are considered and higherorder corrections leading to the family behavior are completely neglected, i.e., β = p = 0, for the purpose of clarifying roles of the electron-hole asymmetry. Figure  6 shows typical dynamical conductivity for S = 0 (solid line), 0.1 (dashed line), and 0.2 (dash-dotted line). For S = 0 a main peak appears at ε(2πγ/L) −1 ≈ 1.43 as well as a small peak at 1.53, coming from the lowest and the excited bright excitons. When S is increased, the position of the main peak remains the same, but its intensity gradually decreases.
Further, a new peak appears at ε(2πγ/L) −1 ≈ 1.24 with the increase of S, corresponding to brightening of dark excitons due to the electron-hole asymmetry as described in Sec. II.E. With the increase of S the position of this peak is slightly shifted to the lower energy side and the intensity increases. A smaller peak appears below the excited bright exciton (ε(2πγ/L) −1 ≈ 1.5 for S = 0.1) and its intensity becomes stronger with S. This behavior is nothing but asymmetry-induced brightening for the first-excited exciton which has also become optically forbidden by depolarization effect. Figure 7 shows excitation energies of the lowest bright and the lowest brightened dark excitons as a function of the circumference length. The former and latter are denoted by bright and dark, respectively. The parameter S is chosen as S = 0 (solid lines), S = 0.1 (dashed lines), and S = 0.2 (dash-dotted lines). The energies are approximately proportional to the inverse of the circumference length. With the increase of S, the energy of the brightened dark exciton is slightly reduced although the change is negligible in the scale of this figure.
In the following, the oscillator strength for an exciton with the depolarization effect athω 0 will be defined as
where the effective mass of the first conduction band is defined by m * = (2πh 2 )/(3γL). Then that for the lowest brightened dark exciton near ε u is given in the two-level approximation in Sec. II.E by
which is approximately proportional to S 2 (L/a) −2 because the dimensionless quantities in the brackets are independent of L apart from small change through screening effect to be discussed below. In Fig. 8 the oscillator strength of the lowest bright exciton and that of the lowest brightened dark exciton are shown for S = 0, 0.1, and 0.2. Dashed and solid lines denote the bright and the brightened dark excitons, respectively. Dash-dotted lines denote results of the two-level approximation given by Eq. (33) . For the brightened dark exciton the oscillator strength is well reproduced by the two-level approximation. For the bright exciton, the oscillator strength slightly increases with increase of the circumference length. This comes from the increase in screening effects with L and resulting reduction in the depolarization effect, because the number of bands contributing to the screening increases with L.
Next, we consider the parameters β = 1.5 and p = −0.2 responsible for family behavior. In Fig. 9 excitation energies for the lowest bright and the lowest brightened dark excitons are shown as a function of the circumference length. Closed and open circles denote ν = +1 and −1, respectively. Numbers indicate family indices f . Although only the results for S = 0.2 are shown, the dependence of these energies on S is negligible as mentioned before.
The family pattern is much weaker than for parallel polarization. Further, it is qualitatively similar to that of the second gap for parallel polarization, i.e., the upper and lower branches consist of tubes with ν = +1 and −1, respectively. This is in agreement with the qualitative discussion presented in Sec. II.B and is also consistent with experiments. 
IV. DISCUSSIONS
The calculated excitation energies for the lowest bright and the lowest brightened dark excitons are compared with experiments in Fig. 11 43 Crosses are experiments for the brightened dark exciton. 43 The theory is semi-quantitatively in agreement with the experiments. However, more detailed comparison is not feasible yet, because of the presence of some deviations among experiments.
In Fig. 12 comparison with experiments is made for the relative intensity of the lowest brightened dark exciton. The intensity is normalized in such a way that the intensity for the lowest brightened dark exciton is divided by the sum of itself and the intensity for the lowest bright exciton. The circles show the intensity for S = 0.2, obtained by including all higher order terms (β = 1.5 and p = −0.2) and dashed lines denote results for β = p = 0. Closed and open triangles are experimental results for ν = +1 and −1, respectively. 43 Several experimental results lying around 0.05 can be well reproduced by the theory for S ≈ 0.2, but other points lying much higher cannot be reproduced even for S = 0.3.
As shown in Eq. (33) , the intensity of the brightened dark exciton is sensitive to the strength of the Coulomb interaction and increases with the decrease of the interaction strength. However, the strong enhancement ob- served in experiments is not likely to be understood by a slight change in the interaction strength and therefore the reason for the disagreement remains unclear. Because of the strong depolarization effect in the cross polarization geometry, excitons are likely to be strongly affected by their environment, 20, 31, [67] [68] [69] [70] [71] [72] [73] giving rise to differences between experimental results. This environment effect may have to be considered to explain the difference.
Brightening of dark excitons due to electron-hole asymmetry was previously discussed based on calculations in a similar effective-mass approximation.
43 Quantitatively, however, there seem to be some significant differences between the present results and those of Ref. 43 . In fact, in Ref. 43 , the main absorption peak of the lowest bright exciton is shifted to the higher energy side and its intensity remains essentially the same with the increase of S. On the contrary, the present results show that the peak position remains independent of S and its intensity is slightly reduced with the increase of S. Further, the normalized intensity for the lowest brightened dark exciton seems to be larger than the present results. A slightly stronger interaction parameter (e It is impossible to further pursue the origin of these differences, because the method of including the depolarization effect is not explicitly described in Ref. 43 . There are various schemes in treating the depolarization effect. The present self-consistent-field method is exact and has, for example, successfully explained intersubband optical transitions in space-charge layers on Si surface. [64] [65] [66] This method is reformulated in such a way that the Schrödinger and Maxwell equations for electrons and electromagnetic fields, respectively, are solved selfconsistently. [74] [75] [76] It was applied to cross-polarized excitons in carbon nanotubes under a rotating-wave approximation.
41,77
The Bethe-Salpeter-type equation is often solved with a so-called exchange term, approximately describing the depolarization effect, under the condition that only a single electron-hole pair is excited, 18, 21, 26, 78, 79 i.e., in a single configuration interaction approximation equivalent to the Tamm-Dancoff approximation.
80 Both rotatingwave and Tamm-Dancoff-type approximations are certainly valid when the spectrum is dominated by a single resonance peak. In nanotubes in the cross-polarized geometry, however, various resonances coexist and approximate methods can give results significantly different from exact, depending on the degree of approximations.
V. SUMMARY AND CONCLUSION
We have investigated effects of higher-order terms in an effective-mass approximation on cross-polarized excitons in semiconducting carbon nanotubes. Electron-hole asymmetry causes the appearance of new peaks in absorption spectra due to brightening of optically forbidden excitons called dark excitons. Family effects on excitation energy are much smaller than those for parallel polarization, and they are more clearly seen in oscillator strength. Calculated excitation energies are in good agreement with experiments. There remains some disagreement in the intensity of some of brightened dark excitons.
